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Abstract
In this paper we give an extension of the famous Enestrom-Kakeya Theorem, which generalizes many
generalizations of the said theorem as well.
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Introduction
A famous result giving a bound for all the zeros of a polynomial with real positive monotonically decreasing
coefficients is the following result known as Enestrom-Kakeya theorem [4]:

n .
Theorem A: Let P(2) = Z a;z ! be a polynomial of degree n such that
=0

a,=a, ;=...2a, 2a,>0.
Then all the zeros of P(z) lie in the closed disk |Z| <1.

If the coefficients are monotonic but not positive, Joyal, Labelle and Rahman [3] gave the following generalization
of Theorem A:

n
Theorem B: Let P(2) = Z a, " be a polynomial of degree n such that
j=0
a,=a,; =.... =a, 24a,.
L. . a'n - a‘O + |a0|
Then all the zeros of P(z) lie in the closed disk |Z| < T
an
Aziz and Zargar [1] generalized Theorem B by proving the following result:

n
Theorem C: Let P(z) = Z a; " be a polynomial of degree n such that for some k >1,
i=0

ka, 2a,, >....2a >4a,.
Then all the zeros of P(z) lie in the closed disk
ka, —a, +|a,|
|
Gulzar [2] generalized Theorem C to polynomials with complex coefficients and proved the following results:

lz+k-1<

n
Theorem D: Let P(z) = Z a;2’ be a polynomial of degree n with Re(a;) = «; ,
j=0
Im(aj)=ﬂj,j=0,1, ...... ,N such that forsome k >1,0< 7 <,
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Then all the zeros of P(z) lie in the closed disk
n

ke, + 2|a0| —7(ay + |a0|) + ZZ‘ﬂJ‘
j=0

]

<

7+ (k-1 %
a

n

n
Theorem E: Let P(z) = Zaj z' be a polynomial of degree n with Re(a;) = «; ,
=0

Im(a;) = B;,j =01,.....,n suchthat forsome k >1,0 < 7 <,
KB, > By == B, 215,

Then all the zeros of P(z) lie in the closed disk
n

KB, + 28| = 7(By +|Bol) +2 e |
j=0

2|
Recently, Liman and Shah [5] proved the following generalization of Theorem C for polynomials having real
coefficients:

<

2+ (k-1
a

n

n
Theorem F: Let P(z) = Zaj z' be a polynomial of degree n with real coefficients such that for some t>0 and
j=0
1<A<n,
a,<a <...<a,, <ta, <t’a,, <...<t""a ,<t""a .
Then all the zeros of P(z) lie in

a, —a, +|a0|+(t—1){zn:(aj +‘aj‘)—|an|}

2|
The aim of this paper is to apply Theorem F to polynomials with complex coefficients and prove

lz+t-1<

n .
Theorem 1: Let P(2) = Z a;z’ be a polynomial of degree n with Re(a;) =« ,
0
Im@@;) = B;, ] =0.L,....,n suchthat forsome t>0 , K >1,0<7 <1 and 1< A <n,
o, <oy <., <ta, <tPa,,, <..<t"a , <kt
Then all the zeros of P(z) lie in

n-:

n-1 n
kKter,, + 2|a0| —7(a, + |a0|) +(t —1)Z(aj +‘0¢j ‘) + ZZ‘ﬁj‘
j=1 j=0

<
2]

2+ (kt-1) %
a

n

If a; isrealie. ﬂj =0,vj=01,...... , N, we immediately get the following result:

n .

Corollary 1: Let P(z) = z a;z ! be a polynomial of degree n such that for some
i=0

>0 , k>10<7<1 and1< A <n,

@, <a <...<a,, <ta, <t’a, <...<t""a , <kt""a

o
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Then all the zeros of P(z) lie in

n-1
kta, + 2Ja,| - (8, +[a,)) + -1 (a; +|a,])
j=4

lz+kt-1 < a

o

Remark 1: For k=1, 7 =1, Cor. 1 reduces to Theorem F. For t=1, Theorem 1 reduces to Theorem D.
Applying Theorem 1 to the polynomial —iP(z), we get the following result:

n .
Corollary 2: Let P(z) = Zaj z' be a polynomial of degree n with Re(a;) = a; ,
i=0

Im(aj):ﬁj,j:O,l, ...... ,N such that forsomet>0 , K >10<7<1 and 1< A <n,

2 -1 —k+1
By <P <. B, <tB, <t ,B/MS......S'[" B <kt
Then all the zeros of P(z) lie in

K45, + 2] -2 + B+ D3 (5, + |5, ) + 23 e

]

lz+kt-1<

Remark 2: For t=1, Theorem 1 reduces to Theorem E.
Taking k=1, we get the following result from Theorem 1:

n
Corollary 3: Let P(z) = Zaj 2’ be a polynomial of degree n with Re(a;) = ; ,
j=0

Im(aj)=ﬂj,j=0,1, ...... ,N suchthat forsomet>0 , 0 <7 <1 and 1< A <n,

Then all the zeros of P(2) lie in

n-1 n
ta, +2a| - (e +|a) + -1 (@, +\aj\) +2Z\ﬁj\
o, i=2 =0
Z+(t-1)—" .

: 2|
For other different values of the parameters in the above results, we get many other interesting results.

<

Proofs of Theorems
Proof of Theorem 1: Consider the polynomial
F(2)=(1-2)P(2)

=1-2)@,z"+a, 2" +....+a,,2"" +a,2" +a,, 2" +....+a,,2" +a,2Z

=-a,2"+(a,-a,,)2"+(@,,—a,,)2"" +....+(a,, —a,)z""

+(a, —a,,)z
+(@,,-a,,)2"  ++ (8, —8,)2+8,

= _anZnJrl +{(ktan - an—l) - (ktan -, )}Zn +{(tanfl - an—z) - (tanfl - an—l)}z "
tot{ta,, —@) ~(ta,, —a,)2 " Hle, —a,,) - (a, —a,)}z"

+(a, , —a, )2+ {(a, — 1) + (g — )} +

Y (8,07 + i}

http: // www.ijesrt.com (C)International Journal of Engineering Sciences & Research Technology

[360-364]


http://www.ijesrt.com/

[Gulzar et al., 3(5): May, 2014] ISSN: 2277-9655
Scientific Journal Impact Factor: 3.449
(ISRA), Impact Factor: 1.852

For |Z| > 1, we have by using the hypothesis
IF(2)| = [a,z"" + (kt-D)r, 2"

ot ta,,, —a,)2" -t -Da,,)2"" +(ta, —a,,)" - (t-Da,z*

~|kter, — @, )2" + (tet, s — @, )2~ (t-Der, 2"

t(a, —a, )2+ {(y — 1) + (ray — )} +

Y (8, 5,07 + i} |

|tan—1 _an—2| n |t_]“an—l| i
i 2°

|ta1+1 _0‘/1| |t —1”05/171| |taz - 0‘/171| |t —1”0£/1| |a,171 - a/172|

>|7"[ |a,z + (kt-Da,| —{|ktan — |+

n-1-1 n-1-1 n-4 n-4 n—-A+1
2 2 2 2 2
a,—ta, (A-7)|a,| |« n ‘ﬂ- —ﬂ-_‘
Fo. +| 1|z|"_l 0|+ |z|n_|1 O|+||z|?1|+é J|Z|n—jj o] 1]

> |Z|n [ |an z + (kt —l)an| —{ kta, —a, , +ta, , —a, , +(t —1)|an_l| + o

+ta,, —a, +(t—l)|am|+tal -a,, +(t—1)|05/1|+05H — 0, .
To, - +(1_T)|a0|+|a0|+Z(‘ﬁj‘+‘ﬂj—1‘)+|ﬁ0| § ]
j=1

n-1
>[2]"[ a2 + (kt=Dar, | - tkter, + 2arg| — ety Hew) + -1 (a; +|er)])
=2

+2§\ﬂj\ iy

>0
if

n-1
2,2 + (kt=D)ar, | > tkter, +2arg| — rcty Her) + -1 (a; +|er)])
=2

n
+2°|8)| }
j=0
This shows that the zeros of F(z) of modulus greater than 1 lie in
n-1 n
kter,, + 2|a0| —7(a, + |a0|) +(t —1)2:(05j +‘0¢j ‘) + ZZ‘ﬂj‘
j=4 j=0

2|
Since the zeros of F(z) less than or equal to 1 also satisfy the above inequality, it follows that all the zeros of F(z) lie
in

<

74 (kt—1)Zn
a

n
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n-1 n
tar, + 2Jetg| = 7(etg +azo) + (=D (@, +la )+ 22\@.\
z+(kt—1)% i o

' a,|
Since the zeros of P(z) are als the zeros of F(z), it follows that all the zeros of P(z) lie in

n-1 n
Ktet, +2Jeto| ~ 7(etg +|arg) + (€ =D (e, +|er )+ 2|
j=4 =0

2]

<

<

7+ (kt—1)%n
a

n

That proves the result.
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